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FINITENESS OF ENTROPY FOR THE HOMOGENEOUS BOLTZMANN 
EQUATION WITH MEASURE INITIAL CONDITION. 

NICOLAS FOURNIER 



Abstract. We consider the 3D spatially homogeneous Boltzmann equation for (true) hard and 
moderately soft potentials. We assume that the initial condition is a probability measure with 
finite energy and is not a Dirac mass. For hard potentials, we prove that any reasonable weak 
solution immediately belongs to some Besov space. For moderately soft potentials, we assume 
additionally that the initial condition has a moment of sufficiently high order (8 is enough) and 
prove the existence of a solution that immediately belongs to some Besov space. The considered 
solutions thus instantaneously become functions with a finite entropy. We also prove that in any 
case, any weak solution is immediately supported by R 3 . 



1. Introduction and results 

1.1. The Boltzmann equation. We consider a spatially homogeneous gas modeled by the Boltz- 
mann equation: the density ft(v) of particles with velocity v £ M 3 at time t > solves 



(1.1) 



(1.2) where 



dtft(v) 



dw, / dtrB(\v-v m \,coB6)[Mv')Mii)-Mv)Mv*)], 



s 2 



-a, 



-a and cos 6* 



n a 



The cross section B(\v — i?*|,cos#) > depends on the type of interaction between particles. 
We refer to the book of Cercignani [7] for a physical reference on the Boltzmann equation and 
to the review papers of Villani [36] and Alexandre [2] for many details on what is known from 
the mathematical point of view. Conservation of mass, momentum and kinetic energy hold for 
reasonable solutions and we classically may assume without loss of generality that L 3 fo(v)dv = 1. 

1.2. Assumptions. We will assume that for some 7 € (— 1, 1), some v £ (0, 1) with 7 + v > 0, 
some measurable function b : (0, n] <—>■ K+, 

( B(\v-v*\,cose)sm6= \v - v*\U{0), 
(Ay, u ) { 3 < c < C , V e (0, tt/2], c^- 1 ^ < b{6) < C^- l -\ 

{\/0e (7r/2,7r], 6(0) =0. 

As noted in the introduction of [3], this last assumption (b — on (7r/2, n]) is not a restriction since 
we can always reduce to this case by a symmetry argument. When particles collide by pairs due 
to a repulsive force proportional to l/r s for some s > 2, then (A ltV ) holds with 7 = (s — 5)/(s — 1) 
and v = 2/(s—l). Thus our study includes the case of hard potentials (s > 5), Maxwell molecules 
(s = 5) and moderately soft potentials (s € (3, 5)). 
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1.3. Functional spaces. Let us introduce all the functional spaces we will use in this paper. 



• A4 (R d ) is the set of non-negative finite measures on M. d . 



d ) is the set of probability measures on 

• V p (WL d ) is the set of all / e V(R d ) such that m p (f) := J Rd \v\ p f{dv) < oo. 

• Lip 6 (IR d ) is the set of bounded globally Lipschitz-continuous functions. 

• Cj,(R ) is the set of bounded continuous functions. 

• Cb(M d ) is the set of continuous functions vanishing at infinity. 

• Cc(R d ) is the set of compactly supported C 1 functions. 

• For a £ (0, 1), C^(R d ) is the set of all functions g such that 

ii ii i i w , \s( x ) -9(y)\ , 

llffllc°(R d ) : = sup IffWl + ™p — : r^— < oo. 

x£R d x,y£R d ,x^y \ x V\ 

• L p (R d ) is the usual Lebesgue space with ||/||,Lp(R d ) : = (J R d \f(x)\ p dx) p . 
For s £ (0, 1), the Besov space Bf 00 (K d ) consists of all functions / such that 



• 



L i (R d)+ sup \h\ s \f(x + h) - f(x)\dx < oo. 

/iGR d ,0<|7i|<l Jm. d 

In the whole paper, when a measure / £ At (R ) has a density, we also denote by / this density. 

1.4. Weak solutions. We will consider weak solutions in the following sense. 

Definition 1.1. Assume (A ltl/ ) for some v £ (0, 1) and 7 £ (— 1, 1). 

(i) A family (ft)t>0 C ^(K 3 ) is a weak solution to 11. 1)) if for all t > 0, 



(1.3) / vf t (dv) = / vf (dv) and / \v\ z f t {dv) = / |»|"/o(d«) < 00 

JR 3 JR 3 

and if for any <fi £ Lip b (K 3 ) and any t > 0, 



(1.4) / <Kv)f t (do)= <f>(v)fo(dv)+ / / L B <l>(v,v,)f a (dv*)f a (dv)ds, 

JR 3 JR 3 JO JR 3 JR 3 

where, for v' — v'{v, u*,cr) and = 6*(w, u», a) defined in \1.2\) . 

(1.5) L B <f>{v,v*) := I B(\v - v J, cos d)[<P{v') - c/)(v)} dcr. 

The right hand side of (|1.4|) is well-defined due to (|1.3|l and (Ay :I/ ). Indeed, there holds \v' — v\ = 
\v — v*|a/(1 — cos#)/2 < \v — u*||0|, so that \L B <f>{v,v*)\ < Q, f §2 B(\v — v*\,cos9)\v — v*\\0\do < 

c*\v - vJ 1+ t fj 2 \e\- v ds < c*(i + \v\ 2 + h 2 ). 

Concerning the well-posedness of (|l.l|l given /o G 7^2 (K 3 ), the following results are available. 

_ffard potentials. Assume [A ltV ) for some v £ (0,1) and 7 £ (0,1). Then by Lu-Mouhot [28] . 
there exists a weak solution to (|1.1|) starting from /q. This solution furthermore satisfies that 
su P[t 00) m p{ft) < 00 for all to > 0, all p > 2. Such a moment production property was discovered 
by Elmroth [15] and Desvillettes |10| . Two different uniqueness results are available, assuming 
either that f is regular (/ £ W U (R 3 ) with J R3 (1 + \v\ 2 )\V f (v)\dv < 00, Desvillettes-Mouhot 
[13] ) or localized (J R3 e a| " |7 / (dw) < 00 for some a > 0, 22.). 

Maxwell molecules. Assume (Ay : „) for some z/ € (0, 1) and with 7 = 0. Then there exists a 
unique weak solution to ([Lip starting from /o due to Toscani-Villani |34j . 
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Moderately soft potentials. Assume (A ltV ) for some v G (0, 1), some 7 € (—1, 0) with 7 + v > 0. 
Assume also that fo has a density with a finite entropy, i.e. L 3 /o(u)| log/o(u)|du < 00. Then 
there exists a weak solution to (|l.ip starting from /o due to Villani [37]. This solution is unique 
[22] if /o € ?yiR 3 ) for some q > 7 2 /( 7 + 1/). 

Very soft potentials. Assume (A 1>v ) for some v £ (0,2), some 7 £ (—3,0). If /o has a density 
with a finite entropy, there exists a weak solution to ([l.ip starting from /o due to Villani [37] . 
Uniqueness holds locally in time [20] provided /o G L P (M 3 ) for some p > 3/(3 + 7). 

1.5. Main result. Let us mention that during the proof, we will check the following property. 

Theorem 1.2. Assume {A^ iV ) for some 7 G (—1,1), v G (0,1). Lei a/so /o G ^(R 3 ) woi 6e a 
Dirac mass. For any weak solution (ft)t>o to il.l\) starting from fo, Supp ft — K 3 for all t > 0. 

The main result of the paper is the following. 

Theorem 1.3. Assume {A ltV ) for some 7 G (—1, 1), v G (0, 1) with 7 + v > 0. Let /o € P2 
not be a Dirac mass. 

(i) If 7 6 (0, 1), t/ien any weafc solution (ft)t>o t° (QHP starting from fo and such that 

V to > 0, V p > 2, sup rrip(ft) < 00 
t>to 

/or a/Z £ > 0, all s £ (0, s^), where 
2a \ _ / (1/ - 2i/ 2 )/(l + 2i/) i/ ^G(0,(V2-l)/2), 



(1.6) 






satisfies 


t/iat 


/t G S{, 


(1.7) 


Sj/ : 


= sup 

ae(0,i/] 



l + 2a ; \ (V2-l) 2 /2 ? / u€[(V2-l)/2,l) 

(ii) If j e (—1,0], assume also that fo e 7 , 4+ 7 +4| 7 |/ l/ (]R 3 ). There exists a weak solution (ft)t>o 
to \1.1)) starting from fo such that ft € -Bf ^(IK 3 ) /or aZ/ 1 > 0, all s G (0, S 7jI/ ), where 

(1.8) s 7il/ = sup ' 



«e(o,H V 1 + (2 + 7/^)" 

fmj /n an?/ case, / t has a density satisfying L 3 /t(u)| log/t(w)|du < 00 as soon as t > 0. 

No regularization may hold if fo is a Dirac mass, since Dirac masses are stationary solutions to 
(|1.1[) . In the case of moderately soft potentials (7 € (—1, 0] and 7 + ^ > 0), we need a few moments; 
observe that we always have 4<4 + 7 + 4|7|/^<8. Of course, (|1.8[) can of be made explicit, 
but the the resulting formula is awful. While we show that any solution is regularized for hard 
potentials, we can only prove that there exists at least one solution enjoying some regularization 
properties for moderately soft potentials. This is due to our probabilistic interpretation: when 
7 G (0,1), we can associate a Boltzmann stochastic process to any weak solution, while when 
7 G (—1,0], we are only able to prove that there exists a Boltzmann stochastic process and that 
its law is a weak solution. 

In [36l Theorem 9- (hi) p 95], Villani announces a result very similar to Theorem 1 1.31 However, 
he obtains only some gain of integrability, while we obtain some (extremely weak) regularity. We 
know from a private communication that this work has never been written down. 

Remark 1.4. As can be checked from the proof the same result as stated in Theorem \l.S\ -(i) holds 
for regularized hard potentials where B(\v — v*\,cos6) = (1 + \v — v*\ 2 ) 7 > 2 b(9), with 7 G (0, 1) and 
co\0\~ v ~ l < b{9) < ColOl-"- 1 for some v G (0, 1). 
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1.6. Motivation. The main interest of Theorem 11.31 is the following: almost all the papers on 
the Boltzmann equation (concerning e.g. regularization or large-time behavior) assume that the 
initial condition has a finite entropy, see the long review paper of Villani [36 . Our result shows 
that such results automatically extend to any measure initial data with a finite mass and energy 
which are not Dirac masses. For example, the finiteness of the entropy of the initial condition is 
assumed in Alexandre-Desvillettes- Villani- Wennberg [3J, Chen- He [5], Desvillettes-Wennberg [Tl] 
and Huo-Morimoto-Ukai-Yang [25]. Using the results of the present paper, we deduce that for any 
(non-Dirac) measure initial condition with finite mass and energy, 

• under the assumptions of TheoremO (1 + M 2 ) 7/ V/*( w ) e H V / 2 (M. 3 ) for alii > by [3]; 

• for regularized hard potentials, f t G C°°(R 3 ) for all t > due to [141126] , 



1.7. Known regularization results. In many papers, Grad's cutoff is assumed: the cross sec- 
tion B, which physically satisfies J B(\v — V*\,cos6)d0 — oo, is replaced by an integrable cross 
section. No regularization may arise under Grad's cutoff, see e.g. Mouhot- Villani [30]. The first 
results about regularization for the homogeneous Boltzmann equation without cutoff are due to 
Desvillettes [TT| [T2]. There are now roughly four types of available results. 

• General results applying to all true physical potentials, relying on the entropy dissipation, 
providing weak regularity. Under (-A 7] „) for some v € (0,2) and some 7 G (—3,1), when /q is a 
function with finite mass, entropy and energy, it has been shown (among many other things) by 

Alexandre-Desvillettes- Villani- Wennberg S3 that yTt € H^(R 3 ) for all t > 0. This has been 
recently precised, in the case of hard and moderately soft potentials by Chen-He [8, Theorem 1.3]: 
(1 + |«| 2 ) 7/2 v / 7^y e H^ 2 (R 3 ) for all t > 0. 

• High regularization for true physical potentials assuming that / is already known to be slightly 
regular. It is proved by Chen- He [8, Theorem 1.5] that for hard and moderately soft potentials, 
if /o € H 3 (R 3 ) and / R3 (l + \v\ q )\\7 fo(v)\dv < 00 for some q > 2 large enough, then the solution 
immediately lies in H N (R 3 ) for some N depending on q. 



• Full regularization for regularized hard potentials, when / is a function with finite mass, 
entropy and energy. See Desvillettes-Wennberg [2], Alexandre-El Safadi [3] and Huo-Morimoto- 
Ukai-Yang [25J. 

• Very restrictive results when f is a (non-Dirac) probability measure in the 2D case: full 
regularization for Maxwell molecules (see Graham-Meleard [23] and [T5J) and weak regularization 
[5] for a class of hard potentials (applying to interaction forces in l/r s with s > 13.75). All these 
works use some Malliavin calculus and seem very difficult to extend to the 3D case. 

Here we deal with true physical potentials, for which there are several complications: |u>| 7 
is not bounded below (and vanishes when 7 > 0), which makes ellipticity estimates non-trivial, 
explodes either at or at infinity and is in any case not smooth at 0. To our knowledge, the 
only regularization results that concern the homogeneous Boltzmann equation for true physical 
potentials are those of [5j, [5] and [S]. The present result consequently improves on [5] (we treat 
the 3D case, all interaction forces in l/r s with s > 3 and we remove some technical assumptions) 
and is not in competition with [3] or [5] (the finiteness of the entropy is assumed in [3] and [5]). 



1.8. Known positivity results. The proof of Theorem 1 1.21 is very easy, but it seems to be new. 
The first lowerbound of solutions to the Boltzmann equation is due to Carleman [6] in the case 
of hard spheres (7 = 1, b = 1). In 31], A. Pulvirenti and Wennberg obtained some Maxwellian 
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lowerbound in the case of hard potentials with cutoff (7 £ (0, 1] and L b(6)d6 < 00), assuming 
that /o has a finite entropy. A quantitative version of Theorem 11.21 (for measure solutions) has 
been proved by Zhang-Zhang [35], still in the case of hard potentials with cutoff. Some positivity 
results [17] are available for 2D Maxwell molecules without cutoff. For general physical potentials 
without cutoff, some indications concerning the positivity of smooth solutions are given in Villani 
[561, Subsections 6.2 and 6.3]. Finally, Mouhot [35] proved some quantitative lowerbound in the 
much more complicated spatially inhomogeneous case without cutoff, but for quite regular solutions 
(corresponding here, roughly, to the assumption / € Lf£ c ([Q, 00), W 2 ' 00 ' 



1.9. Comments on the method. The classical way to prove some regularization results by prob- 
abilistic methods is to use some Malliavin calculus, based on the famous probabilistic interpretation 
of the homogeneous Boltzmann equation in terms of a nonlinear jumping stochastic differential 
equation initiated by Tanaka |33j . Unfortunately, this S.D.E. has regular coefficients only in the 
2D-case and for Maxwell molecules. In the case of 31? Maxwell molecules, a sort of Lipschitz prop- 
erty was observed by Tanaka [33J (see Lemma I3T21 below) . but we cannot hope for more. This seems 
to make almost impossible the use of Malliavin calculus to study the 3-D Boltzmann equation. 

Here we use no Malliavin calculus, but a recent method introduced in [23 to prove that stochastic 
processes with rather irregular coefficients have a density. Recently, Debussche-Romito [5] have 
considerably improved this method by using Besov spaces, in order to study the regularity of the law 
of the solution to a 3D stochastic Navier-Stokes equation. For example, only ID diffusion processes 
with diffusion coefficient in C b C (R) were treated in [23j . while some quick computations seem 
to show that diffusion processes in any dimension and with diffusion coefficient in C^(R d ) can be 
studied using the tools of [5]. As we will see, it also perfectly applies to the S.D.E. associated with 
the homogeneous Boltzmann equation. 

Let us mention that our proof is not deeply probabilistic: we use no stopping times, no Malliavin 
calculus, etc. We believe that a very similar deterministic proof can be written down. The 
advantage would be to remove Section [H] below, which is long and boring, in which we build 
the stochastic processes related to Boltzmann's equation. The disadvantage would be that the 
computations of Section [6] would become awful (and would look completely artificial) . 

1.10. Plan of the paper. In the next section, we state the main lemma we will use, which is 
due to Debussche-Romito [5] and we give an elementary proof. In Section [3J we rewrite in an 
adequate way the weak formulation of (jl.ip and prove a few properties of weak solutions. Section 
[4]is devoted to the proof of Theorem 11.21 and to some slightly more quantitative lowerbound. Then 
we adapt the probabilistic interpretation of Tanaka [33] to hard and moderately soft potentials in 
Section [5] The proof of the existence of the Boltzmann process lies at the end of the paper (Section 
[9]). Then the strategy of the proof is the following: we approximate the Boltzmann process by a 
Levy process (Section \§§ and study the regularity of the law of the approximating Levy process 
(Section [JJ. Using that the approximating process has a regular law and that the true Boltzmann 
process is close to the approximating process, we conclude in Section [SJ 

1.11. Notation. We will write C for a (large) finite constant and c for a (small) positive constant, 
whose values may change from line to line and which depend only on is, 7, co,Co (recall (A 7 .„)) 
and on the weak solution (ft)t>o- We write in index all the additional dependence of constants. 



NICOLAS FOURNIER 



2. Main lemma 



Our study is based on the following result due to Debussche-Romito [S] End of the proof of 
Theorem 5.1]. 

Lemma 2.1. Let g £ A4(l§L d ). Assume that there are < a < a < 1 and a constant n such that 
for all function (f> £ C 6 Q (R d ), all h£~R d with \h\ < 1, 



(2.1) 



(x + h) — 4>{x)]g{dx) 



<nM\ c?{VLd) \h\ a . 



Then g has a density in B\ ^(R ) and 1 1^7| | s"— ■= fiRrf) < <?(H^ d ) + Cd, a ,aK. 

Actually, the result in [5] is more general. The proof in [5] relies on several theorems of functional 
analysis. We present here an elementary (though longer) proof. 

Proof. We divide the proof into four steps. 

Step 1: Preliminaries. For r > 0, consider the function Xr{x) — (w,jr ) — 1 J.n x | <r i., where Vd is 
the volume of the unit ball in R rf . An easy computation shows that for all x,y £ R d , 



(2.2) / \ Xr {x-z)-xAy-z)\dz<C d min{l,\x-y\/r). 

JR d 

For ip £ L°°(R d ), ip*Xr belongs to C"(R d ) (it is actually Lipschitz-continuous) and 

(2.3) \\1>*Xr\\c?(R') < CdU\\ L ™(R*)r- a . 

Indeed, it obviously holds that \\ip * Xr||_L°°(R d ) < I IV 1 ! li°°(R. d ) an d for x ^ y, we deduce from (J2.2J) 
that \tp*Xr(x) -ip*Xr(y)\ < Q|Mli«>(R<»)™iii(l, |a;-y|/r) < C d \\tp\\ L o, {Rd} r~ a \x - y\ a . 

Step 2. Next we prove that for any r > 0, any \h\ < 1, 

\g*Xr(x + h) - g*Xr(x)\dx < C d K\h\ a r~ a . 

It suffices to prove that for any i\> £ L°°(R d ), I r (h,tp) := | j Rd ip(x)[g*Xr(x + h) — g*Xr(x))dx\ < 
CdK\\ip\\ L ^ {md) \h\ a r~ a . But using jUTJ and (JZH), we get 



Ir(h,lj>) 



[i>*Xr(y-h)-ip* Xr(y)]g{dy) 



< 



K\\ip*Xr\\cz(R*)\h\ a < C d K\\ip\\ L °°(R-')\h\ a r a . 



Step 3. Here we assume additionally that g has a density in C 1 (R d ) satisfying J ffid | Vg(x)\dx < oo 
(which implies that all the computations below are licit) and we check that 



sup \h\ a a / \g(x + h)- g{x)\dx < C d , a , a n- 

\h\<l JS. d 

To this end, we first write, using Step 2, for all \h\ < 1, all r > 0, 

\g(x + h) - g{x)\dx < \g*Xr{x + h) - g*Xr(x)\dx + 2 / \g*Xr(x) — g(x)\dx 



<C d n\h\ a r a + — 2 \ I \g(y) - g(x)\l { \ x - v \ <r} dxdy 



--C d n\h\ a r a H j / du / dx\g(x + u) - g(x) 

Vdr d J\ u \ <r 
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Thus, setting I t :— supm—j J Rd \g(x + h) — g{x)\dx and St = sup sl£ r ot i s a a I s , we deduce that for 
all t e (0, 1], all r £ (0, 1], (below, the variable u belongs to R d ), 

t a ~ a I t <C d K(t/r) a + ^4- I Wr a S M du 

VdT d J\ u \ <r 



\u\ <r 

2t a - a 



ii 



<C dK (t/r) a + S ir a - a v d r 

VdT a 

<C d K(t/r) a +2(r/t) a - a S 1 . 

Choosing r = Ar 1 '^-^ we deduce that for all t £ (0,1], t a ~ a It < <± a/ ( a ~ a) C d n + Si/2. This 
implies Si < \ a ^ a ' a ">C d K + Si/2 and finally S x < 2A a / ( - a -^C d K as desired. 

Step 4- Consider now g as in the statement. For n > 1, put g n = g * G n , where G n (x) = 
{n/ir) d / 2 e- n \ x \ 2 . Then g n € C 1 ^), J Rd g n {x)dx = g{R d ) and / Rd |V ' g n (x)\dx < oo. Furthermore, 
one easily checks that g n satisfies (|2.1[) with the same constant n as g. Thus we can apply Step 
3 and deduce that sxrpi h i <1 \h\ a ~ a f Rd \g n {x + h) — g n (x)\dx < C dta , a K for all n > 1, whence 
||(7„|| B a- Q < g(R d ) + C d ^ a , a K (recall Subsection II. 3[) . Consequently, the sequence g n is strongly 
compact in L^R^) (because the balls of B( ^(R^) are compact in L^R^) for all s > 0, see e.g. 
|33j). But g n tends weakly (in the sense of measures) to g. We deduce that g € L l (J&. d ) and that 
we can find a subsequence such that linifc \\g nk — sIIl 1 ^) = 0- One ea sily concludes that for all 
\h\ < 1, J Rd \g(x + h) - g(x)\dx = lim fe / Rd \g nk (x + h) - g nk (x)\dx < C d ^, a n\h\ a ~ a . We deduce 
that \\g\\ B ^ {Md) < g(R d ) + C d<aia K. D 

3. Weak solutions 

First, we parameterize (H~2l as in [3T]. For each l£l 3 \ {0}, we introduce I(X), J(X) e R 3 
such that (f^j, -jxT, \ x \ ) ^ s an orthonormal basis of R 3 , in such a way that X h-> (/(X), J(^0) 
is measurable. We also put 1(0) = J(0) = 0. For X, u, u, e I 3 J e [0, it) and </? e [0, 2ir), we set 

C r(X,ip) := (cos(p)I{X) + (smcp)J(X), 
(3.1) < v'(v,v*,e,<p)~v-±=f^(v-v*) + ^T(v-v*,<p), 

[ a(v,v*,9, <p) := v'(v,v* : 9, ip) — v. 

The choice of (/(X), J(X)) does not matter. The important thing is that for any reasonable 

F:l 3 xl 3 x R 3 x [0, tt) i-> R, any v, u.gl 3 , 

»7T />2"7T 



F(v,u*,u'(t>, v*,0, ip), 9) sin 9 dipd9 = / F(v,v*,,v' ,9)da, 

Js 2 



'0 JO JS 2 

where on the right hand side, v' = i/(v,v»,er) and 9 — 9(v,v*,<r) <E (0,7r) are defined by (|1.2[) . 
This in particular implies that for all </> £ Lip b (R 3 ), recalling (|1.5|l and then (A 7 ,,,), 

/•7T /"27T 

(3.2) L B <f>(v,v*) = / [0(« + a(u,'i;*,^^))-0('y)]5(|'y-v*|,cos^)sin( 

Jo Jo 

<.7r/2 ^27T 

(3.3) = \v-v*[< ' / [<Ku + a(v,<u*,6^)-^(v)]&(6Od¥?d0. 

Jo Jo 

We will frequently use that, by a straightforward computation, 



(3.4) \,nr.r .H..;)\ : : y 1 |^ |«-«*l<^lv-«*l. 
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We will also need the following remark, corresponding to the 2D equality (^X- 1 } = ± (£ , JJfV 
Remark 3.1. For any measurable non-negative function F : R i— ► R, any lei 3 , an?/ ^6R 3 , 

o Jo 

Proof. Recall that these integrals do not depend on the choice of (I(X),J(X)) and (/(£),,/(£)). 
If X and £ are colinear (£, r(X, 95)) = (X, r(£, 93)) = for all 95 and the result follows. Otherwise, 
choose (I(X),J(Xj) and (/(£), J(£)) such that X, £, I(X),I(£) are in the same plane and such 
that (X, /(£)) = (£, 7(X)}, which implies that (£, r(X, 93)) = (X, r(£, <p)) for all 93. D 

Unfortunately, it is not possible to build / in such a way that X n- I(X) is smooth. Tanaka 
[33j found a way to overcome this difficulty, which was slightly precised in |21[ Lemma 2.6]. 

Lemma 3.2. There exists a measurable function ipo : R 3 X M 3 i— > [0, 2ir), such that for all 
v, v*, w, u>* G R 3 , all 6 G [0, it) and all tp G [0,2tt), 

\a(v, v*,6, ip) — a(w,w*,6,ip + (po(v — v*,w — w*))\ < 20 (|i> — iu| + |v* — w*\) . 

We conclude this section with a useful time-regularity property of weak solutions. 

Lemma 3.3. Let /q G ^(R 3 )- Assume (Ay,„) for some 7 € (—1,1), 1/ G (0,1). Consider any 
weak solution (ft)t>o to II 1.1]) starting from /o. Then for any cj> G Lip fc (R 3 ), L B <f> is continuous on 
R 3 x R 3 and the map t i-> J R3 (j>(v)ft{dv) belongs to C 1 ([0, 00)). 

Proof. Recall (11.4[) : to show that 1 1— >• J M3 <j>(v)ft(dv) is of class C 1 ([0, 00)), it suffices to check that 
t h-» J* R3 / K 3 L B (f){v, v*)ft(dv*)ft(dv) is continuous on [0, 00). 

Step 1 For G Li Pfc (R 3 ), IZs^u*)] < C |w - ^| 7+1 < C (l + \v\ 2 + \v*\ 2 ) by (O, (1X1) 

and since J^ 9b(9)d9 < 00 by (Ay,„). By (|1.3j) . we deduce that J R3 / K3 L B 4>(v, v*)ft(dv*)ft(dv) is 
bounded, so that £ i-> J R3 4>(v)f t (dv) is continuous on [0, 00) by (|1.4[) . The Portemanteau theorem 
thus implies that £ 1— > ft is weakly continuous, which classically implies that t *->■ ft® ft is weakly 
continuous: for all (f> G Cb(R 3 x R 3 ), t \-t J R3 J R3 <j>(v,v*)ft(dv)ft(dv*) is continuous on [0, 00). 

Step 2. Recall that B(z, cos 6) sin 9 — z 1 b{6) by (Ay,„) and define, for k > 1, i?fc(z, cos 0) sin = 
{z 1 A fc)6(^)l{e>i/fc}- It is immediately checked that L Bk cj) G Cf,(R 3 x R 3 ) for any <f> G Lip & (R 3 ). 
By Step 1, we deduce that 1 i-» L 3 L 3 L Bk <fi(v,v*)f t (dv*)f t (dv) is continuous on [0, 00). 

Step 3. We claim that \(L B - L Bh )(/>(v, u*)| < C^(l + |v| 2 + |v»| 2 )fc~ K for some k = «(7,i/) > 0, 
for all G Lip 6 (R 3 ). Using ([3T5]l . (pT4"f and then (Ay,,,), we get 

/"7r/2 ^277 

I (L B -L Bfc )0(v,v»)| <CV|u-u*| 7 / / 6>|u-u*|(l { |„_^|^ >fe} + l{ e < 1/fc} )(i956(^)(i^ 

Jo Jo 

<c,t,\v - v*\i +1 i {lv _ v ^ >k} + c^\v - ^p+ 1 r- 1 
<c> - u*r +1 i { |„_„ r > &} + c,(i + m 2 + KHr- 1 . 

If 7 G (0, 1), we write |w — w*| 7+1 l{| t ,_«,|7>fc} < fc 1_1 / 7 |v — u*| 2 and conclude with k = (I/7— 1) A 
(1 — v). If 7 = 0, \v — u*| 7 > k never happens (since k > 1), whence the claim with k = 1 — v. If 
7 G (—1,0), \v — v*| 7 > fc implies \v — u*| < fc^ 1 /' 7 and we conclude with /« = ((7+l)/|7|) A(l — z/). 

Step ^. Let G Lip fo (R 3 ). By Step 2, L Bfc </> G C b (R 3 x R 3 ) and Step 3 implies that L Bk <fi tends 
to Lb4> uniformly on compacts, whence Lb4> is continuous. Next, Step 3 and (jl.3p show that 
Jr3 /rs L Bk <l>(v,v*)ft(dvi,)ft(dv) goes to / R3 / R3 L B (j>(v, v*)f t (dv*)f t (dv) uniformly for t G |0,oo). 
Using Step 2, we conclude that t H> J R3 J* R3 L B tfi(v,v*)ft(dv*)ft(dv) is continuous on [0, 00). D 
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4. LOWERBOUND 

The aim of this section is to prove Theorem 11.21 and to deduce some lowerbounds of weak 
solutions. For x £ R 3 and r > 0, we denote by B(x,r) :— {y £ R 3 : \y — x\ < r} and by 
S(x,r) :— {y £ R 3 : \y — x\ — r}. We start with the following preliminary result. 

Lemma 4.1. Consider g £ "P(R 3 ) enjoying the following property: vi,v 2 £ Supp g implies that 
S{(v\ + v 2 )/2, \v± — 172 1/2) C Supp g. If g is not a Dirac mass, then Supp g = R 3 . 

Proof. We first claim that for any x £ R 3 , any r > 0, S(x, r) C Supp g implies B(x, \/2r) C Supp g. 
Due to our assumption, it suffices to show that for any v £ B(x, \/2r), there exists vi, v 2 £ S(x, r) 
such that v £ S((v\ + v 2 )/2, \v\ — U2I/2). This is not hard: write v = x + ara, for some a £ § 2 and 
some a £ [0, \2\, consider any r £ § 2 orthogonal to a and choose v\ = x + r[(a + y/2 — a 2 )a + 
(a - s/2 - a 2 )r)]/2 and v 2 = x + r[(a + V2 - a 2 )cr - (a - V2-a 2 )r)]/2. 

Since 5 is not a Dirac mass, we can find Ui 7^ «2 in Supp g. Put xq = (vi + v 2 )/2 and 
ro = |ui — U2I/2 > 0. By assumption, <S(i£o,?*o) C Supp g, whence yB(#o,v2Yo) C Supp g. Thus 
in particular, S(xq, V2ro) C Supp g, whence B(xo,2ro) C Supp g, and so on. We find that 
B(xa, 2"' 2 ro) C Supp g for any n > 1, which ends the proof. □ 

We can now give the proof of Theorem 11.21 Let us mention that Step 2 below is inspired by 
Villani [3H1 Chapter 3, Section 6.2]. 



Proof of Theorem \1.2\ We thus assume (.A 7 ,„) for some 7 £ (— 1, 1), ^ € (0, 1) and consider a weak 
solution (ft)t>o to (|1.1|) starting from some non-Dirac initial condition /q € T-^R 3 )- 

5iep L For alH > 0, ft is not a Dirac mass. This is immediate from (ll.3[) and the fact that /o 
is not a Dirac mass, since / R3 \v\ 2 f t (dv) = J* R3 |w| 2 / (du) > | J ffi3 vf (dv)\ 2 = \ J R3 vf t (dv)\ 2 . 

Step 2. Here we prove that for any t > 0, any vo £ R 3 , any e > 0, (recall that v' = v'(v, v*, a) 
and 9 = 9(v, u*, c) were defined in (|1.2[l ) 



JR 3 JR3 JS 2 

Assume thus that f t (B(vo,e)) — and consider (/> £]1 , e Lip b (R 3 ), strictly positive on B(vo,e) and 
vanishing outside B(vo,e). By Lemma T3.31 s i-> j" R3 <f> e>Vo (v)f s (dv) belongs to C 1 ([0, 00)). Since it 
is nonnegative and vanishes at t > 0, its derivative also vanishes at t. Consequently, by (|1.4|) . 



B(\v - u* I, cos 0) [</> ej „ (u') - (j> e , VB (v)}dcrf t (dv*)ft(dv) = 0. 

R3 J §2 

But ft(B(vQ, e)) = and Supp (f> e ,v C i3(i>o, e), so that 

/ / / B(|w -v*|, cos 0)<£ ej „ o (v')do-f t (dv*)f t (dv) = 0. 

JR3 JR3 J§2 

This implies the result, since <j> eiVo (v')B(\v — u*|,cos#) > as soon as v' £ B(v ,e), v =fi v* and 
9 £ (0,tt/2) due to (A^). 

Step 3. We now show that for any t > 0, vi,v 2 £ Supp f t implies S((v\ + v 2 )/2, \v\ — U2I/2) C 
Supp f t . We can assume that v\ 7^ i> 2 , because else, S((vi + v 2 )/2, \vi — W2I/2) = {«i} and the 
result is obvious. Observe that S((vi + v 2 )/2, \v\ — v 2 \/2) is the closure of A t , lt , 2 U A„ 2)Ul , where 

A «i,«2 :={v'(v 1 ,V2,cr) : o £ S 2 7 9(v u v 2 ,o-) £ (0,tt/2)}. 
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Since Supp ft is closed, it suffices to prove that A VliV2 U A„ 2)lll C Supp f t . Let thus, for example, 
vq e A VliV2 . Then i>o = u'(i>i, V2,co) for some <7o G § 2 with #o = 0(^1, ^2 i0o) € (0,tt/2). Thus for 
all v c± Vi, all u* ~ V2, all er ~ ero, we have z/(u, i>*, a) — Vq, v ^ v* and 6*(w, u*, <r) € (0, tt/2). Since 
Vi G Supp ftidv) and «2 S Supp ft(dv*), we conclude that for any e > 0, 



R{v<(v,v t ,a)£B(v o ,e)}R{v^v,,0(v.v t ,a)e(O,ir/2)}d<Tft(dVi,)ft(dv) > 0. 

This implies that ft{B(v , e)) > for all e > by Step 2. 

Step -^. We conclude from Lemma I4TT1 and Steps 1 and 3 that for alH > 0, Supp f t — W 3 . D 
We finally check the following estimate. 

Proposition 4.2. Assume (Ay )V ) for some 7 € (— 1, 1), v € (0, 1). Let also /o <E ^(K 3 ) n,o£ 6e a 
Dirac mass. Consider any weak solution (ft)t>a to $1,1]) starting from Jo- For all < to <t\, 

S*o,ti : = , ,, in f ..„./f(%O)>0, 



w/iere #(10, C) := {f£l 3 : |v| < 3, \v - w\ > 1, | (t) - to, <) | > |C|}- 

Proof. We divide the proof in three steps. 

Step 1. We first prove that for any < t < t\, inf te r t0)tl i xe s( 0i 2) ft(B(x, 1)) > 0. To this end, 
consider cj) € Lip fc (IR 3 ) such that Je(o,i/2) < < Ifi(o.i)- Define F(t,x) = J R3 (j>(v — x)f t (dv). We 
know from Lemma 13.31 that t *— > F(t,x) is continuous for each x G K 3 . Furthermore, denoting by 
C the Lipschitz constant of <j>, we have sup t>0 \F(t,x) — F(t,y)\ < C\x — y\. All this implies that 
F is continuous on [0, 00) x R 3 . Since F(t,x) > f t (B(x, 1/2)), we deduce from Theorem 11.21 that 
F(t, x) > for all t > 0, all x € K 3 . The continuity of F and the compactness of \ti,t 2 ] X 5(0, 2) 
imply that inf[ tlit2 ] x< s( ,2) -F 1 > 0. This ends the step, because f t (B(x, 1)) > F(t, x). 

Step 2. Here we check that for any w £ R 3 , any ( 6 R 3 we can find x w ^ € <S(0, 2) such that 
B(x w ^,l) C K(w, £). We may assume that ( ^ (because if (if, C) C if(w,0) for any £ 7^ 0). 
Put sg(y) = 1 for y > and sg(y) = -1 for y < 0. Choose x w , ( = -2sg((w, C))C/ICI e 5(0,2). It 
remains to prove that B(x«,^, 1) C K(w, £). Let thus w G B(x W £, 1). 

(a) First, M < 1^^1 + 1 = 3. 



(b) Next, observe that \w - x W £ \ = \w + 2sg((w, C))C/ICII > \/\w\ 2 +4> 2, so that 

|u> — u| > \w — a7i«,f| — |*io,c — v| > 2 — 1 = 1. 

(c) Finally, using that | (w — X W ,C, C) I — I ( w ) C) + 2sg((iu, C))ICII > 2|f|, we see that 

\(w-v,Q\>\(w- x wX ,C) I - I (x WtC -v,Q\> 2|C| - ICI - ICI- 
All this shows that v £ K(w, £) as desired. 

Step 3. By Step 2, we have inf te[t0]tl ] ]t „ ea 3 ]CeR 3 f t (K(w,C)) > inftg[to,ti],xeS(o,2) ft(B(x, 1)). 
This last quantity is positive if < to < £1 by Step 1. □ 

5. Probabilistic interpretation 

We write down the probabilistic interpretation of (jl.ljl initiated by Tanaka 33 in the case of 
Maxwell molecules. 
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Proposition 5.1. Let f G ^(R 3 )- Assume (A 1<v ) for some 7 G (— 1, 1), v G (0, 1). 

(i) Assume first that 7 G (0, 1). Then for any weak solution (ft)t>a to \1.1\) starting from /o and 
satisfying il.6\) . there exist, on some probability space (fl, T , (Ft)t>o, Pr), a J^o -measurable random 
variable Vq with law /o, a (J- t )t>o-Poisson measure N(ds, dv, d9, dip, du) on [0, 00) x R 3 x (0, 7r/2] x 
[0, 27r) x [0,oo) wzf/i intensity dsf s (dv)b(9)d9dipdu and a cadlag (Tt) t>o~ adapted W 3 -valued process 
{Vt)t>a satisfying C(Vt) — ft for all t > and solving 

(5.1) V t = V + / / / / a(Vi-,M,^)I{ u <|v._-«in^( d MMM¥>,<M- 

Jo Jr 3 Jo Jo Jo 

(ii) Assume next that 7 G (—1,0] and that /o G Vp(M 3 ) for some p > 2. There exists a weak 
solution (ft)t>o to \1.1\) starting from /o satisfying 

(5.2) VT>0, supm p (/ t )<C'T, P 

[0,T] 

and such that there exist, on some probability space (51, J- , (Jt)t>o, Pr), a J-q- measurable random 
variable Vq with law /o, a (T^tyo-Poisson measure N(ds, dv, d9, dip, du) on [0, 00) x R 3 x (0, n/2] x 
[0, 27r) x [0,oo) with intensity dsf s (dv)b(9)d6dipdu and a cadlag (J- t )t>o- a daptedM? -valued process 
(Vt)t>o solving \5. 1\) and satisfying £(Vt) = ft for all t > 0. 

The proof of this result is fastidious and not very interesting, so we will give at the end of the 
paper. In the sequel, (T4)t>o w iU De called Boltzmann process. 

6. Approximation 

We now wish to approximate the Boltzmann process (Vt)t>o by a process (V t e )t>o of which we 
can more easily study the law. We essentially freeze the integrand in the Poisson integral during a 
small time interval [t — e, t], so that the resulting process V t e becomes a Levy process conditionally 
on Tt-e- The advantage of Levy processes is that we can easily study their laws through their 
Fourier transforms. Due to the lack of regularity of the function a, we have to make use of tpo 
introduced in Lemma 13.21 



Proposition 6.1. Assume (Aj jV ) for some 7 € (—1, 1), v € (0, 1) with 7 + v > 0. Consider a 
Boltzmann process (Vt)t>o built with a Poisson measure N as in Provosition \5.1[ For e G (0, t A 1), 
set 

ft /> /*7r/2 t>27T />00 

(6.1) V t e :=Vt- e + / / / / a(V t - e ,v,9,cp + cp (V s --v,Vt-e-v)) 

Jt-eJs. 3 Jo Jo J0 

1L{u<\v t - e -v\-i}N(ds, dv,d9, dip, du). 
(i) If 7 G (0, 1), then for any < to < t — e <t with e G (0, 1) and any r\ G (0, 2), 

E[\V t -V t r}<C t0 ,r,e 2 -\ 
(ii) If ^ G (— 1, 0], then for any < t — e < t with e G (0, 1) and any r\ G (0, 2 + j/u), 

E[\V t -V t e \»} <C v e 2 +~</»- r i. 
We will use that for a,b > 0, there are some constants < c a ,b < C a ,b such that 

(6.2) Va;,y>0, c a , b \x a+b - y a+b \ < (x a + y a )\x b - y b \ < C a , b \x a+b - y a+b \. 
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Proof. We divide the proof into several steps. 

Step 1. Here we check that for all /3 G (y, 1) and all < s < t, E[\V t - U s |' 3 ] <Cp{t- s) in both 
cases (i) and (ii) . Using the subadditivity ofi^>/, we deduce from (|5.1[) that 

ft n /"7r/2 /"27T />OC 

\V t -V„f< / / / / \a(V r -,v,e,<p)fl {u < lVT _^ n N(dr,dv,d6,dif,du). 
Js Jm. 3 Jo Jo Jo 

Taking expectations, integrating in u and using (J3.4I) . we obtain 

rt p ex/2 p2ir />oo 

/r 3 Jo Jo Jo 

r ir/2 p2iT 

6 E[\V r - vp + P}d<pb(6)d0f r (dv)dr 



E[\V t -V s f]<E 



\a(V r , v, 9, (p)\ l.i u <iv T - v \-r}dud<pb(9)d9f r (dv)dr 



< 



<C fi (Jt-s). 



We used that ft > v , whence fl 



7T/2 



< C Jo 6 fi - l - v d6 < oo by (A^), that |U r -v|t+^ < 



C(1 + |K| 2 + M 2 ) (because 7 + /3e (0,2)) and that / R3 E(l + |w| 2 + |F r | 2 )/ r .(du) = l + 2m 2 (/ r ) = C* 
by dTJl) (recall that £(F t ) = / t ). 

5tep ,2. In this step we prove that for all (3 € (r/, 1) and all < t — e < t, in cases (i) and (ii), 
n\V t - V t *f] <C P f [ E[Al^(v) + A 2 s ^(v) + Al^(v)]f s (dv)ds, 



where, using the notation x + = x V 0, 

A\^{v) := (|V t _ e - «| 7 A |F S - up) (|U S - V t - € f A [|F t _ 6 - tf + \V„ - vf]) 

A 2 s ^{v) := (|V,_ £ - H 7 - \V. - v\->) + \V t - t - vf, 

Af^(v) := (|V, - vf - \V t - e - v\~>) + \V S ~ vf. 
Exactly as in Step 1, we obtain 

i-n/2 /-27T 



mvt-vtf] <i 



i-e JR3 Jo JO JO 



a(T4,w,6», <p)!{. u <|y i _ t ,|.y} 



-o(Vt_ e , «,&,¥> + Vo(V s -u,Vi_ e -v))l{ u <|v t _ e _„|T} dudipb(9)d9f s (dv)ds 
Integrating in u, we get E[\V t - V t e f] < f*_ t J R3 E[Bl' ' e (v) + B 2 s '^ e {v) + B^' € (v)]f s (dv)ds, where 

Bl>e>*(v) := f 2 [^ (\V t - t - vf A \V. - vf) 
Jo Jo 

a(V s ,v, 9, ip) - a(Vt- e ,v, 9^ + <p (V s - v, V t . e - «))| ' d v b(9)d9, 

B 2 /^{v):= f 1 I * {\Vt- e -v\t -\V.-v\i) + \a(V t - e ,v,9,<p + <p (V s -v,V t - e -v))fd<pb(9)d9, 
Jo Jo 

B*/' e {v) := P [ * (\V s -vf -\V t - e -vf) + \a(V s ,v,9,<p)fd<pb(9)d9. 
Jo Jo 

Using Lemma 13.21 and (J3.4I) , we realize that 
a(V s ,v, 9, <p) - a(V t ^,v, $,<p + <p {V s ~ v, U t _ e - «)) < 29 (\V S ~ V t - e \ A [|F t _ e - «| + \V. - v\]) . 
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Since f* /2 9 fi b{9)de < oo, we deduce that B^' e (v) < C p A\'^{v). Using flO}, we get B 2 ^' e (v) < 
C p A 2 /> € (v) and B^' e (v) < C^A z /' e {v), which ends the step. 

Step 3. Here we conclude the proof of (i). We thus assume that 7 G (0, 1) and fix < to < 
t — e < t with e G (0, 1). We also fix (3 G (v, 1) and apply Step 2. We first observe that 

A'/^v) < C{\vV + |Vt_«r + |KD|F S - VU|*. 
We next use twice (I6.2[) (with = 7 and 6 = /3) to deduce that 

a 2 /'\v) + a 3 /^(v) <(|F t _ e - ^ + |y s - vf)\\v t . e - «p - |v. - up| 

<C (|U t _ e - «p + |F S - H 7 )||U t _ e - up - |F S - vf\ 
<Cp(\V t - e - v\i + \V S ~ vD\V s - V t - e f 

<c p {\ v y + |v t _ e p + |y.n|y a - y_/. 

We thus have 

n\V t - V t e f] <C f / E [\V S - Vt-efW + \Vt-eV + \V S D] f s (dv)ds 

<C f E [\V S - V t -ef{l + \V t ^p + \V s p)] ds, 



since / R3 \vp f s (dv) < J R3 (1 + \v\ 2 )f t (dv) < C by ([L3]> . We now consider 5 G (0, 1 — /3) and apply 
the Holder inequality (with p = 1/(1 — 5) and q = 1/(5): 



E[|K - K1"] < C/J / E 



|V. - Vt-el^ 1- ^ " Ef(l + |F t _«|T + |V.n 1 /* 



ds. 



By Step 1 (observe that j3/ {1-5) € (v, 1)), we have E[|U 5 -U t _ e |' 3 /( 1 -' 5 )] < C^e for all s G [t-e,i\. 
Using dHJ (recall that C(V a ) = / s for all s > 0), we see that E[(l + |V t _ £ p + |K| 7 ) 1/5 ] < Ct ,<5 
(because s >t — e>t > 0). Thus 



E[|U t - V?|"] < C^ / e^ds < Cp, S;to e 2 - 6 . 

Jt-e 



Using finally the Holder inequality, we deduce that for all (3 G (z/, 1) and all (5 G (0, 1 — 0), 
E[|U t - V?|"] < E[|Vi - Vt?\ vlfi < C PtSM e^- 5 >^. Since we can choose (3 G (z/, 1) arbitrarily close 
to v and (5 G (0,1-/3) arbitrarily close to 0, it holds that (2 — 8)v/ ' (3 G (0, 2) is arbitrarily close to 
2, which ends the proof of (i). 

Step 4- We finally check (ii). We thus assume that 7 G (—1,0], that 7 + v > and we fix 
< t - e < t with e G (0, 1). We also fix /3 G (v, 1) and apply Step 2. First, since \j\//3 G (0, 1), 

A^'» <(|U 4 _ e - vP A |F S - vDlV. - Vt-elM-MMQVt-, - vf + \V, - vf)^? 

<(\V t - e - V\1 A \V S - l>P)(|Ft-e - «| l7 ' + \V S - V\^)\V S - U f _ e | /3+7 

<2\V s -V t ^+\ 
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Next, using twice (|6.2[) with a — \y\ and b = j3 + 7 (lines 2 and 4), 

A 2 s ^(v) =l { |v t _.-„|<|v.-„|}(|^ - w| W - \V t - e - v\W)\V t - t - v\^\V s - vp 

<C l {]Vt _ c _ vl<lVe _ vl} (\V s - vf - \Vt- t - vf)\V s - vp 

<r% \V s -vf-\V t ^-vf 

<^I { |v t _ c _„|<|v._„| } {Vs - ^ - ^- - v{hl 

<C (\V s -v\^-\Vt- e -vf + ^) 
<C P \V S - V t - e f+~<, 

where we finally used that < f3 + 7 < 1. Treating Al^' e (v) similarly, we finally get 

n\V t - V t e f] <C I [ E [\V S - V t -ef +1 ] f s {dv)ds <C [ E [\V. - Vt- e f + ^] ds. 

Jt-eJR 3 Jt-e 

Using the Holder inequality (recall that < f3 + 7 < /3) and Step 1, we obtain 
E[\V t -V*f]<Cp f E[\V s -V t ^} 1+ ~ ,,fi d S <C [i ^ie, 



whence E[|T4-F t T] < E[\V t -V^} v l < Cpe^/M"/?. Since we can choose (3 G (r/,1) arbitrarily 
close to v it holds that (2 + 7/ 0)v/ f3 G (0, 2 + 7/f) is arbitrarily close to 2 + 7/f , which ends the 
proof of (ii). □ 

7. Density estimate for the approximate process 

The aim of this section, strongly inspired by Schilling-Sztonyk-Wang (35] Propositions 2.1, 2.2, 
2.3], is to prove that V t e has a regular law in some sense, with some precise estimates in terms of e. 

Proposition 7.1. Assume {A 1M ) for some 7 G (— 1, 1), v G (0, 1). Let /q G ^(K 3 ) ^o^ &e a Dirac 
mass. If 7 G (—1,0], assume additionally that /o G 'P4+7+4I7 /i/(R 3 )- Consider the approximate 
Boltzmann process Vf defined in Provosition \6.1\ associated with a weak solution (ft)t>o to f 1.1]) 
starting from f . For all h G R d , all cj> G L°°(]R 3 ), ail < t < t - e < t < t x with e G (0, 1), 

|e [</>(y t e + h)~ j>(v t e )} I < Cto.till^lU-cR*)^- 

We will use the following easy estimate, which resembles (35] Proposition 2.1]: it is much less 
general but sharper. 

Lemma 7.2. Let A be a non-negative measure on K 3 such that L 3 \y\X(dy) < 00 and consider the 
infinitely divisible distribution k with Fourier transform 

jfc(f) : = f e l ^' x) k{dx) =cxp(-$(f)) wit/i $(0=/ (l - e 4 ^) A(dy). 

// ifte RHS of the following inequality is finite, then k has a density (still denoted by k) and 

||Vfc|| Ll(R 3 ) <C7(l + mf(A)+m 4 (A)) f e -*"*®Q. + \£\)dS, 

where m n (X) = J R3 \y\ n X(dy) and C is a universal constant. 
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Proof. The proof is quite similar to 35, Proposition 2.1]. We will show that 

(7.1) \\Vk\\ L oo m <C [ e- Rc *«te, 

it 3 

(7.2) |||a;| 4 Vfc(x)|| LO o (R 3 ) <C«(l + mt(A)+m 4 (A)) / e - Rc *«)(1 + {£])<%, 

Jr 3 

from which the result follows, since (1 + |x|) -4 £ L 1 (R 3 ). First, 

llVfclUooCRS) < (2 7 r)- 3 ||Vfc|| L1(R 3 ) = (27r)- 3 ||^(OIUi( R 3) = (2^)- 3 / e' Rc ^\^, 



whence (|7TTj) . To check (J7T2J) , we start with 

\\\x\ 4 Vk(x)\\ L ~ m < (2 7 r)- 3 ||A 2 (VA ; )|| L1(R 3 ) < C||^ 4 (^(0)||l 1(R 3). 
A tedious computation recalling that fc(£) = e - **^ shows that 

\D 4 (fk(0)\ <C(1 + |^|)|e- $(?) |(|^ 4 <i>(0l + |£> 3 <I>(0£>*(OI + \D 2 m\ 2 + \D$(0\ 2 \D 2 m\ 

+ i^$(oi 4 + \D 3 m\ + \Dm\\D 2 m\ + mm 3 

But from the expression of $, we see that |£)™$(^)| < m„(A) for all n > 1. Since |e _ *^| 
e _Re *K), we get, setting m„ = m n (A) for simplicity, 

m\ + rn.| + m\m2 + tti 4 + 777,3 + m\rri2 + mf 



iD'mm <C(1 + |£|)e- Rc *«) (m 4 + m 3 

<C(1 + |CI)e~ Rc * (?) (l + rn-i + ™3 /3 + "i| + ™ 4 ) 



where we used the Young inequality. To end the proof of (|7.2[) . it only remains to check that 
m 3 + m| < C(rn4 + m 4 ), which is not hard by the Holder and Young inequalities. □ 

Unfortunately, applying directly Lemma 17.21 to the law of V t £ does not give the correct power of 
e. We thus use the same trick as in [35] : we only consider the part of V t e corresponding to small 
values of 6 (grazing collisions), in such a way that it does not affect the estimate from below of 
Re $(£), but which makes consequently decrease the moment estimates (of m\{\) + 7714(A)). 

We start we the following remark. 

Lemma 7.3. Adopt the notation and assumptions of Proposition [777] Let e € (0, t A 1) be fixed. 

(i) We can find a {J-t)t>o-Poisson measure M with the same intensity as N (see Proposition 
\5.1\) such that 

pt p P7T /2 />27T />00 

(7.3) V t e :=V t - e + / / / / a{V t - e ,v,e,<p)l {u < lVt _^ vn M{ds 7 dv,d0 7 d<p,du). 

Jt-e Jr 3 JO JO JO 

(ii) We write V t e = U£ + W£ with 

nt f- /"7r/2 /*27T /"00 

U$ := I I I I I a(V t -e,v,9,ip)l {u <i Vt _ e _ v \v } l {0<e i/« } M(ds,dv,d9,d<p,du), 

Jt-e Jr 3 Jo Jo Jo 

Wf--Vt- e + / / / / a(V t - e ,v,8, ip)l {u <\ Vti _ v \- l} l {g > e i/„ } M(ds,dv,d6,dtp, du), 

Jt-e Jr 3 Jo Jo Jo 

so that Ut and WJ: are independent conditionally on Tt-e- 
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(Hi) For all £ G K 3 ; E [ e i( A' U ^\ J"j_ e ] = exp (-* e ,t,Vi_ e (0) > w/iere, /or i> G R 3 , 

^.t^CO = / / f / * (l - e^""' '''^) |t> - v \~<dipb(6)d6f s (dv)ds. 

Jt-eJm 3 JQ JO V 7 

Proof. To prove point (i), define M as the image measure of iV by the (J-"t)t>o-predictable map 
(s, v, 9, if, u) M> (s,v,0,ip + ipo(V s - — v,Vt- e — v) modulo 2ir,u). Then (I6.1[) obviously rewrites 
as (|7.3[) . The fact that M is a (J-()t>o-Poisson measure with the same intensity as TV is due to 
the fact that the Lebesgue measure on [0, 2it) is invariant by translation (modulo 2tt). This was 
already noticed by Tanaka [33], see [23 Lemma 4.7] for a very similar statement. Points (ii) and 
(hi) follow from standard properties of Poisson measures, because in Uf and W£, the integrands 
are J-(_ e -measurable and the Poisson integrals concern the time interval [t — e,t\. □ 

We next estimate the Fourier transform of the law of U^ . 

Lemma 7.4. Adopt the notation and assumptions of Proposition \7.1\ Recall that ty e j,v was 
defined in Lemma pP} For all £ G R 3 , all <to < t — e <t < h with e G (0, 1), 

Rp o> , p -i/^ > / c t0ltl (|£| 2 A |£|") tf 7 € (0, 1), 

£Ml 5 ^\ c t0ltl (l + N)nie| 2 A|e) tf 7 6 ("1,0]. 

Proof. We divide the proof into three steps. 

Step i. Here we assume that 7 G (— 1, 1). We have 

Re* e , ttV0 (e- 1 / u 0= [ ((( (l-cos(e- 1 / u {Z,a(v ,v,e,ip))))\v-v rdipb(0)def s (dv)ds. 

Jt-eJmzJQ JO V ' 

By (|33), (6 o(«o, v, 0, p)) = (cos 6> - 1) (£, w - v) /2 + sin6> (£, r(u - w, ¥>)) /2. Hence, 
(l -cos(e~ 1/ly (£,a(«o,M, <?)))) «V 
(l - cos(e- 1 / y (cos 6 - 1) (£, «o - v) /2) cos(e^ 1/l/ sin 6> (f , r(u - w, p)) /2) 

+ sin(e _1/,y (cos 6 - 1) (£, u - v) /2) sin( e - 1/jy sin (9 (£, r(w - u, ¥>)) /2) W 
(l - cos(e- 1/V (cos 6> - 1) (£, Vo - v) /2) cos(£- 1/V sin (£, r(t; - l>, 99)) /2)) oV 
1 - I cos(e- 1/,y sin 6» (£, r(w - u, <p)) /2)|) dp. 





2/r 



-I 



Since 1 — cosx > x 2 /4 and | sina;| > \x\/2 for a; G [— 1, 1] and since | sina;| < |a;| for all x G M (recall 
that 6 < e 1 /" < 1), 



271 





1 - cosie- 1 ^ (Z,a(v ,v,6,ip)))^ d^> 



27r ^-2/v s i n 2 a /> p/ _ s\2 



f 



sin^<£,r(y -«,¥>))' 



> / " 16 ■ LLZ ^ I {|(c,r(^o-«,v))sme|<2ei/-}rfv : ' 



2 ' r 2 ¥((,%-^)) 2 
64 



' : L ^^ I {|e|<2ei/-/K^r(t, - u , ¥ ,)>|}^- 
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Using the lowerbound of b given by (Ay.„) and then integrating in 9, we obtain 



17 



iu^ f .f..v^~ 1/l/ 



>- 



£ 2/u 
C 



e,t,v 
t 



t-e 
t 



,1/v 



271 



JO 

271 



(€,T(v -v,<p)) i{\e\<2^/»/\(tT(v -v,<p))\}\v- v p dcp6 1 "d6f s (dv)ds 

, 2-1/ 



(^r(w -v,tp)y 



c 
>- 



< J t-e 
ft 





2tt . 



eV-a 



2e 1 /» 



(S,r(vo-v,<p))\ 



\ v - vop f s (dv)dipds 



{£, T(v - v, vp)) 2 A | (£, T( Vo - «, y,)) |" |« - v \y s (dv)d<pds 



(v - v,T(£, ip)) 2 A I (vq - v,T(£, ip)) T |i;-u | 7 / a (dv)d^ds, 
e Jt-£ Jk 3 Jo l j 

where we finally used Remark 13. II 

Step 2. We now assume that 7 G (0, 1). Recall Proposition 22] (and the fact that |T(£, ip)\ = |£|, 
see p. II) ): for any v ,£ € I^ 3 > anv V 3 e [0, 27r), any v G if(uo,r(^, <^)), we have |u — uo| > 1 
and \(vo-v,r(Z,tp)) I > |r(£,v>)| = |£|. Thus, using that / a (lf(«o,r(f, V ))) > g io>tl > for all 
< to < £ — e < s < t < ti, we get 



Re* e , Mo ( e - 1/! ^)> 



[i^i 2 a icr] f s (K(v ,r(z,<p)))d<pds > cqtoM [iei 2 a ier 



Step 3. We finally assume that 7 € (— 1, 0]. Recall again Proposition ^. 2l and that |T(£, <p)\ = |£|: 
for any t7 ,£ G R 3 , any ip G [0,2tt), any u G K(vq,T(^, <p)), we have \v — v \ < \v\ + \v \ < 3 + \vq\ 
(so that \v - vol 7 > 3 7 (1 + |w |) 7 ) and | (v - v, T(£, ip)) \ > |r(£,<p)| = |£|. Thus, using that 
f 8 (K(vo,T(Z, V ))) > q toM >0 for aU0< t < t-e< s < t < t u we get 



/.2tt 



Re^^e- 1 /^- / / [|e| 2 A|er](l + |«o|) 7 / s (^(«o,r(C^)))d^ S 
e Jt-e Jo 

> C<Zt0 , tl (l + KI) 7 [IC| 2 A|Cr], 
which ends the proof. □ 

We now estimate the regularity of the law of C/ t e . 

Lemma 7.5. Adopt the notation and assumptions of Proposition \7.1\ Recall that ty e j,v was 
defined in Lemma [7. 3\ Consider g e: t,v G V(M. 3 ) such that g e ,t,v (C) — ex P(~^ / e,t,t>o(0)- If Q < 
to < t — e < t < ti and e G (0, 1), ge,t,v has a density and 



||Vff £ ,i,« ||il(RS) < 



a o . fl e- 1 /-(l + | Uo |)47+4 if 7€ (0,1), 

a o , tl e- 1/,y (l + bo|) 4+7+4171 ^ tf 7€(-l,0] 



Proof. We introduce, for X e> t ]Vo a g e ,t,v -distributed random variable, Y e> t jVo := e 1 ' v X ej t,v - Then 
the law fc 6jt) „ of F ejt , Vo satisfies fc e ,t,t> (C) = <7M^( e_1/!y £) = ex P(-*e,i,<;o( e_1/ ' y £)) and k e ,t,v (x) = 
e- 3/l/ ge,t,v (e 1/l/ x)- Observe that 



(7.4) 



||V5 e , ti „ || i i( R 3 ) =e 1/l/ ||Vfc ejtil , || L i( 
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Step 1. We want to apply Lemma W?2\ We have k e ,t,v (0 = ex P( — ^e,t,uo(0)> where 3> e) t,„ (£) 
* e ,t,„ (e~ 1/!/ £)> whence 

t r r e 1/v r 2-rr 

I -i it P e~ ' v riiiit-x 11 ft tn\\ \ i i*v t i /^\ in t* / i \ i 



*e,t,vo®= / / / fl-c*< c ' e " 1/ " ^' w ' fl ^))|i;-«brd^6(e)de/ a (d«)d 

/*_ e jR3J0 JO V 7 

(l-e^>)A M ^(dz), 



the measure A( i£i „ being defined by 



t (. /.e^'" /.2ff 



F(z)A«, eifl0 (<fe) = / / / / F [ 2^lMl ) \ v - Vo p d ipb(e)d9f 8 (dv)ds. 



t-£ Jl 3 JO JO 

3 



e l/ V 



for all non- negative measurable F : M 3 t- > R. Lemma 17.21 thus implies 

||Vfc e , Mo || Ll(R3) <C(l + mt(At,^ )+m 4 (At,^ )) / e- B "*'-*"">®(l + \S\)dt 



(7.5) <C (1 + m$(\ t<e , V0 ) + m 4 (A M ,„ )) ( 1 + / e - Rc *••*.. o^'"^^ j 
A simple computation using (13.41) and (Ay „) shows that for n = 1,4, 

(7.6) m n (\ t , e , V0 ) < [ [ [ [ W ll ~l° r \v - v \id<pb(6)d9f s (dv)ds 

Jt-e JR 3 JO JO 4 € I 



Jt-e JR 3 JO e ' 

/•* /■ fin—")/" 

<C / (|t,|-r+» + |«o|-r+»)— jjT^/.fdw)*. 

Jt_ c J R3 e ' 

<C sup / (|»|t+» + M 7+n )/ s (d«). 

»e[t— e,t] JR 3 

S'tep 2. Here we conclude when 7 e (0, 1). Let thus 0<t <t — e < t < ti with e £ (0, 1). 
Using (E3), we deduce that su PsS[t _ £ . t] J R3 (M 7+1 + M 7+1 )/»(dv) < C(l + |t> | 7+1 ) and by dUD, 
su Pse[t _ M] / R3 (| v r+ 4 + M 7+4 )/ s ( C fc) < C t0 (l + \v p +4 ). Eencemi(X t , e , V0 )+m 4 (X t , e , V0 ) < C to (l + 
K| 47+4 ). By LcmmaEl L| >1 e- Re *M,»o( e " 1/ ' / 0|^|c^ < C taM . Recalling (fT3]> , we finally find 
that ||Vfc M!t J| L i (R3) < C t0]tl (f+ K| 47+4 ), whence the result by flU}. 

Step 3. We finally conclude when 7 e (—1,0]. Let thus < io <t— e<t<t\ with 
e € (0,1). Using JTSD, we deduce that sup sG[t „ M] / R3 (M 7+1 + \v \"< +1 )f s (dv) < C{1 + M 7+1 ). 
By (I5.2J) and since / £ P 4+7+4 | 7 |/„(R 3 ) C 7 > 4+ 7 (R 3 ), we deduce that sup s£ r t _ e)t i J R3 (|w| 7+4 + 
\vo\ J+i )f s (dv) < C tl {\ + |«o| 7+4 )- Hence m\ (A t , 6 ,„ ) + m 4 (A t , 6 ,„ ) < C tl (l + M 7+4 )- By Lemma 
^ 4l>i e-"- *-*.-o C* - ^^ ]e|de < 4,>i e-^o^d+l-oD-ier^i^ < CtQ . tl {\ + \v \) 4 ^ v . Recalling 
(EH), we finally get | |Vfc e , Mo \\ LHm < C toM (1 + M 7+4 )(l + M) 4|7|/ " < C toM (1 + \v Q \f+^+^\l v , 
whence the result by (17.41) . D 

We finally have all the weapons to give the 

Proof of Lemma\71\ Let thus t Q <t-e<t< t\ with e € (0, 1) and let 4> e L°°(R 3 ). Recall the 
notation introduced in Lemma 17.31 Write, using that W£ and Iff are independent conditionally on 
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i't 



Ft-e and that the law of Ul conditionally on J-f- e is 9e,t,V t -e ( see Lemma T7. 5 1) 

mm* + h) - mm =\nm + w* t +/o - m + wm 

=|E [E {<j){Ut + Wf +h)- <t>(Uf + W{)\F t ^)] | 

[<j){x + Wt + h)- <j>(x + W t e )}g e , t y t -Mdx 



j)(x + Wt)[g e , t ,v t -A x - h ) ~ 9e,t,v t -A x )] dx 

<||0|| L ^ (R 3 ) |/ l |E[||V 5£ , t ,y t _J| L i (K 3 ) ]. 

We used that L 3 \g(x — h) — g(x)\dx < J R3 L \h.Vg(x — uh)\dudx < \h\ J Q \\Vg(. — uh)\\ L i( R 3^du 

\h\\\Vg\\ LHm . 

Assume first that 7 G (0, 1). Using Lemma [7751 we get 

\E[<l><y t < + h)- <f>(v t e )}\ < Ct^MlL-mlhie- 1 /"® [(1 + \v t ^\) il+i ] ■ 

The conclusion follows, since E [|Vt_ e | 47+4 ] = m il+4 {f t ~ t ) < sup s>to m 47+4 (/ s ) < 00 by p. 61) . 
Assume next that 7 G (—1,0]. In this case, Lemma T7.5I gives 



|E[0(y/ + /O-W)]|<G 



£0-^1 



i3) \h\e- 1 l^\(\ + \V t ^\) i+ ^ +4 ^l» 



But since f Q G V 4+ ^ +4 \ 7 \/^(R 3 ) and < t - e < t x , ^^ implies that E [\V t . 
TO4+ 7 +4| 7 |/^(/t- e ) < C tl , which ends the proof. 



|4+7+4|7l/H 



D 



We finally can give the 



Conclusion 



Proof of Theorem \1.3\ We thus assume (A lyU ) for some 7 € (—1, 1), v G (0, 1) such that 7 + v > 0. 
We also consider /o G T-^R 3 ) such that /o is not a Dirac mass. If 7 G (0,1), we consider any 
weak solution (ft)t>o to (|1.1[) starting from / and satisfying (11.6[) and we consider the associated 
Boltzmann process (V t )t>o built in Proposition 15 . II - ( ii) . If 7 G (—1,0], we assume additionally that 
/o G 'P4 +7+ 4| 7 |/ ly (R 3 ) and we consider the weak solution (ft)t>o to l|l.l|) starting from / and the 
associated Boltzmann process (Vt)t>a built in Proposition 15 . II ( ii) . From now on, we fix t > 0. 

We wish to apply Lemma HOI Let thus h G R 3 such that \h\ < 1 and 4> & C^(R 3 ) for some 
a G (0, 1). Let us define 



r - 

1 t,h 



i<Kv + h)-<Kv))Mdv) 



= \E[<j>(V t + h)-cf>(V t )}\ 



For e G (0, it/2) A 1), we write, recalling that the approximate Boltzmann process V t e was defined 
in Lemma |6. 11 

it <\E[<Kv t +h)~ w +h)}\ + \E[<f,(y t ) - mm + \nm e +*)- w)]\ 



<2 

<a 



c ? (rs)E[|V«-V/H+C, 



c-1/" 



\h\ 



m-v t T]+e- 1/v \h\ 



where we used Lemma [7711 (with to = t/2 and t\ — t) and that 
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Point (i). We assume here that 7 G (0, 1). We consider a G (0, v] and we apply Proposition 
O(i): for any 77 G (0,2), we write E[|F t - y/| a ] < E[\V t - V*\ v \ a l v < C t , v e^-^ a l v . We have 
proved that for all 77 G (0, 2), all e G (0, (i/2) A 1), 



t,h ^ Ct^lkllcfCRS) 



^-"W* + e- 1/v \h\ 



l.2-v)o 



Choosing e = (1 A (t/2))\h\ v ^ 1+( - 2 -^ a \ we obtain lf h < C tir ,\\<f>\\ c « m \h\ i+c^-^j- . For a G (0,i/] 
small enough and 77 G (0, 2) small enough, it holds that 1 \( 2 _^ )a > ce. Applying Lemma [2. 1[ we 
deduce that ft has a density with furthermore /< G 5f i00 (K 3 ) for any s G (0, s„), where 

f (2 — ?7)a 
s " = SU P \ 1/0 S - a : a G (0, 1/], 77 G (0, 2) 



It is easily checked that s v is given by (JTTTj). 

Point (ii). We next assume that 7 G (—1,0] and that 7 + z/ > 0. We consider a G (0,2/] 
and we apply Proposition GDJ (ii): for any 77 G (0,2 + 7/1/), E[|F t - V f T] < E[\V t - Vf\ v \ a l v < 
Ct.r l ( { ' 1+lllJ ~ r,)allJ - Hence for all 77 G (0, 2 + 7/1/), all e G (0, (i/2) A 1), 



7 ,„ -sup<^ , / : a : ae (0,2/], 77 G (0, 2 + 7/1/) 

1 1 + (2 + 7/1/ - 77)0; 



Choosing e = (1 A (i;/2))|/7f /( 1 +( 2 +^- , ') Q \ we obtain i"^ < C t> ^ 1 1 <f>\ \ c» (R3) | ft| i+(t+7/--t0« . For 
a G (0, 2/] small enough and 77 G (0, 2 + 27/1/) small enough, it holds that 1 |(2+V/^-?? t ) Q; > a 
(because 2 + 7/1/ > 1). Applying Lemma |2~T1 we deduce that ft has a density with furthermore 
ft e Bf !00 (R 3 ) for any s G (0,s 7 ,„), where 

(2 + 7/1/- 77)0 
+ (2 + 7/2/ -77) 
It is easily checked that s 7i „ is given by (11.81) . 

Point (Hi). In any case, we thus have ft G i?f 00 (K 3 ) for some s > 0. This implies that 
/t G L p (M. 3 ) for all jj G (1,3/(3 - s)) (see e.g. [21 Corollary 2-(ii) p 36]). The facts that f t G 
P 2 (R 3 ) n LP(M 3 ) for some p > 1 classically imply that J* R3 / t (u)| log / t (v)|d« < 00. D 

9. Existence of the Boltzmann process 

It remains to prove Proposition 15.11 We have already checked very similar results in several 
closely related situations, but always with some restrictions (in the 2D-case or for bounded velocity 
cross sections or assuming conditions on the initial data that guarantees uniqueness of the solution) . 
We thus give a rather complete proof. Unfortunately, we have to treat separately the case of hard 
and moderately soft potentials: for hard potentials, we associate a Boltzmann process to any weak 
solution, while for moderately soft potentials, we can only build one Boltzmann process, which 
corresponds to one weak solution. Thus the proofs really differ. 

9.1. Moderately soft potentials. In the whole subsection, we assume {A 1M ) for some 7 G 
(—1,0], v G (0, 1) and we consider /o G "P P (R 3 ) for some p > 2. We want to prove Proposition 
l5.H -(ii). Recall that Lb was defined in ()1.5|) and rewritten in (|3.2j) . 



Definition 9.1. Let B(\z\,cos9) be a given cross section. A cadlag adapted process (Vt)t>a on 
some probability space ($7, J 7 , (J-" t ) t >o, Pr) is said to solve the martingale problem MP(/o, B) if 
(a)C{V ) = fo, 
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(b) for all t > 0, E[V t ] = / R , vf (dv) and E[\V t \ 2 } = J R3 \v\ 2 fo(dv), 

(c) for all <f> G Lip b (R 3 ), (M[ f)t>o is a (CI, -F, (•? r t)t>0) Vy) -martingale, where Mf :— 4>(Vt) — 
J J R3 L B <j)(V s ,v)f s (dv)ds and where f t := C(V t ). 

The following remarks are classical. 

Remark 9.2. (i) A cadlag adapted process (Vt)t>o on some probability space (CI, F, (Ft)t>o-, Pr) is 
solution to MP(fo, B) if and only if it satisfies point (a) and (b) of the above definition and if there 
exists, on a possibly enlarged probability space, a (Ft)t>o~Poisson measure N(ds,dv,d9, dtp, du) on 
[0, oo ) x R 3 x (0, 7r/2] x [0, 2n) x [0, oo) with intensity dsf s (dv)b(9)d0dtpdu (where f t := C(V t )) such 
that (Vt)t>o solves \5.1\) . 

(ii) If (Vt)t>o solves MP(fo,B) and if ft := £(Vt), then (ft)t>o is a weak solution to U.l\) 
starting from /o . 

See e.g. Tanaka [33l Section 4] for (i). Point (ii) is obvious: use that for <fi G Lip 6 (R 3 ), for t > 0, 
E[Mt]=E[M+]=E[</>(V )]. 

We start with the following statement. 

Remark 9.3. Let B be a cross section satisfying (A~ v ) for some 7 G (—1,0], v G (0,1). For 
k > 1, define B k (\z\, cosQ) sinO = (\v — u*| 7 A k)b(9)1^ e>1 f k ^. There exists a (unique in law) 
solution to (V t k ) t >o to MP(f ,B k ). 

This result can be checked easily, because J b(9)l{ e>1 / k yd9 < 00 and because (|z| 7 A k) is 
bounded. For example, one can use a perfect simulation algorithm, see e.g. [19 for a very similar 
result concerning the Smoluchowski equation. 

Below, D([0, 00), R 3 ) stands for the set of R 3 -valued cadlag functions, which we endow with the 
Skorokhod topology, see for example Jacod-Shiryaev [27] . 

Lemma 9.4. Adopt the assumptions and notation of Remark ] 9. 3\ and recall that / G ^(R 3 ) for 
some p > 2. 

(i) For all T > 0, sup^ E[sup [0 . T] \V t k \ p ] < C T , P - 

(ii) The family ((V t k )t>o)k>i is tight in O([0, 00), R 3 ) and any limit process (Vt)t>o satisfies 
Yi(V t ^ V t -) = for all t> 07 

(Hi) Any limit (V t )t>o solves MP(f a , B) and verifies E[supr T i \V t \ p ] < Ct, p for all T > 0. 

Proof. We start with (i). Set /* :— C(V k ). As in Remark 19.24 - (i) . there is a Poisson measure 

N k (ds, dv, dO, dtp, du) on [0, 00) x R 3 x (0, tt/2] x [0, 2tt) x [0, 00) with intensity dsf k (dv)b(6)d0dtpdu 
such that 

ft (* /* 7r /2 /•27T /*0O 

V t k = V k + / / / / a(V k _,v,9,tp)l {u < lvk __ vl - l ^ k} l {g>1/k} N k (ds,dv,d9,dtp,du). 

J0 JR 3 JO JO Jo 



Observe now that due to 

\\V k _ +a(V k _,v,0,tpW -iK-ll^pdKlr 1 + \a(V k _,v,0,tp)r 1 )\a(V k _,v,8,tp)\ 

^(l + iv^r' + ivr^v^-vie 

so that, using the Ito formula for jump process (see e.g. Jacod-Shiryaev [271 Theorem 4.57 p 56] 

pt p p 7Z /2 p2rr />oo 

S n P \v k \ p <\v k \ p +c p / / / / (i+ivir'+ivr'wiL-vie 

[o,t] Jo Jr 3 Jo Jo Jo 

i{ u <\v s k _-v\-<} N k(ds, dv, d9, dtp, du). 
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tt/2 



< oo by (Ay tl/ ), we get 

[(l + \v 8 k r i + \vr i )\v s k - h 1+ i f*(dv)ds. 



Taking expectations and using that f 

E[sup\V r k \A <E(\V k \n + C F 

\[0,t] J Jo JR3 

Since 7 + 1 e (0, 1] and / t fc = £{V t k ), 

E (sup \V k A <E(\V k n + C p f [ E [1 + |V S Y + |„|*] /*(du)<k 

\[Q.t] J Jo JR 3 

<E(\V k n + C p [ E[l + \V k \P]ds. 
Jo 

Finally, EflVg | p ) = m p (fo) < 00 does not depend on fc and we conclude with the Gronwall lemma. 

To check (ii), we use the Aldous pQ criterion (which shows both tightness and that any limit 
process has no fixed discontinuity), see also [27J p 321]. Due to (i), it suffices that for all T > 0, 

(9.1) limsup sup E[\Vg, - V§\] = 0, 

5->0 k > x (S,S')ES T (S) 

the set St (5) consisting of all pairs (S, S') of stopping times satisfying 0<S<S'<S + S<T. 
Let thus T > 0, <S > 0, (S, S') G S T (6) and fc > 1 be fixed. Using the S.D.E. satisfied by (V k ) t >o, 
we immediately get 



E[\V k - V k \] < E 



s+s 



TT/2 fl-K 



Jo 



\a(V s , v,9, p)\\V k - v\^dipb{d)dddipf k (dv)di 



Using flSZJ), that J* /2 0b(6)d6 < 00 by (A Yi „) and that J R3 \v\i +1 f k (dv) = E[|U s fc |^ +1 ] is bounded 
for s £ [0, T] due to (i), this gives 



E[|U| -V§\] <CE 



s+s 



\V s «-v\i +1 f k (dv)ds 



<C T E 



s+s 



(i + \v k \r +i d S 



Finally, 



\VS,-VS\\ <C T E 



5sup(l + \V k \y +1 

[0,T] 



<C T S 



by point (i), whence (|9.ip . 

We finally check (hi). Let thus (Vt)t>o be the limit in law of a (not relabelled) subsequence 
of (V k ) t >o- Write f t := £(V t ) and / t fc := £(V t fe ). First, we obviously have C(V ) = / , since 
£(U fe ) = / for all fc > 1. We also have E[sup [0T] |U t | p ] < C T , P for all T > thanks to point (i). 
Since we have E[V t k ) = / R3 vf (dv) and E[|U t fe | 2 ] = / R3 \v\ 2 f {dv) for all fc > 1 and all t > 0, we 
easily deduce from (i) (recall that p > 2) that E[V t ] = J R3 vf (dv) and E[|U t | 2 ] = J* R3 \v\ 2 f (dv) 
for all t > 0. It only remains to check that for all £ Lip 6 (R 3 ), (Mf) t >o is a martingale, where 
Mf := 0(Vt) — J / R3 L B (j>(V s ,v)f s (dv)ds. To do so, consider n > 1, < ti < ■ • • < t n < s < t and 
a family of continuous bounded functions <j>\, . . . <f) n on R 3 . We have to prove that E[$b ,/(U)] = 0, 
where, for x € D([0, 00), R 3 ), 



^bj(x) =T\M x u) ( (j>(x t ) - <f>(x s ) - / / Li 



■4>(x r , v)f r (dv)dr 
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Since (V k ) t >o solves MP(f Q ,B k ), we know that E[^ Bh jk(V k )] = 0, where ^B k j k is defined 
as ^bj, with Lb replaced by Ls k and f r replaced by /™. Thus we just have to prove that 
limfeE[$ Bj . .fk(V k )] = M[^B.f(V)]. First, we know from Lemma [3.31 that Lb4> is continuous on 
R 3 x R 3 . We deduce that ^ bj is continuous at each x G O([0, oo), R 3 ) such that x has no jump at 
ti,...,t n ,s, t. But V has a.s. no jump at fixed points by (ii). Since V k goes in law to V and since f k 
tends weakly to f r for each r (because V k goes in law to V and since V has no fixed discontinuity) , 
we deduce that ty B jk(V k ) S oes m kw to ^ B j(V). Using that the family (^ B j k {V k ))k>i is 
uniformly integrable (because \V BJ k(V k )\ < C*(l + f* J R3 |U r fc - u|T +1 /r (<&>)*") < C tj *(l + 
sup [ot] |V; fc | 7+1 ) and due to (i)), we conclude that lirn fc E[* Bi/ * i (V' fe )] = E[^ BJ (V)}. Hence it 
only remains to check that limfcE[|4' Sfc p(V ) — ^ B.f k {V k )W — 0. Using point (i) and that 
\(L B — L Bh )4>{v,v*)\ < C,pk~ K {l + \v\ 2 + |u*| 2 ) for some k > (see the proof of Lemma 153)1 . one 
easily concludes. □ 

We finally may give the 

Proof of Proposition \5A[(ii). We thus assume (A 7>u ) for some 7 G (—1,0] and some v G (0,1) 



and consider /o G V P (R. ) for some p > 2. We know from Lemma [9.41 that there exists a solution 
(V t )t>o to MP(f ,B) and that E[sup [0]T] \V t \ p ] < C T , P for all T > 0. For t > 0, set f t = £(U t ). 
Then (|5.2|) obviously holds, since m p (f t ) = E[\V t \ p ]. Finally, Remark li?~2l ensures us that (Vt)t>o 
solves (|5.ip and that (ft)t>o is a weak solution to (JTTTJ) starting from / . D 

9.2. Hard potentials. We still have to prove Proposition 15. II - (i). We use very similar arguments 
as in p~8j Proof of Proposition 3.4] concerning the 31? Boltzmann equation without cutoff with 
velocity cross section min(|u — u*] 7 , fc). 

In the whole subsection, we assume (Ay V ) for some 7 G (0,1), v G (0,1). A weak solution 
(ft)t>o to dUT]) starting from / G V 2 (M. 3 ) satisfying flU]) is fixed. 

For t > 0, we introduce A t defined, for G Lip b (R 3 ) and v G M 3 , by (recall (|T3|) and (J3HJ)) 
(9.2) A t <t>{v)= [ L B <t>{v,v*)ft{dv*) 

./R 3 

^Tr/2 r-2-K 



\v - v*| 7 [</>(« + a(v, v*,9, <p)) - </>(«)] b(6)dtpd9ft(dv*), 

r 3 Jo Jo 

where a was defined in (13.11) . We define similarly, for k > 1, setting Hk{v) = | 1 v, 

f / 1 7T/2 /•27T 

A k t <t>(v)= / / |fl- fc (t;)-t;.|*i , [^(t; + o(Jffc(«),t;„e, V ))-^(t;)]6(fl)d V KW/*(d«.)- 

JR 3 JO JO 

Definition 9.5. (i) Let to > and /i G 7 , (IR 3 ) oe fixed. A cadlag adapted process (Vt)t>t on some 
probability space (£1, J 7 , (J r t)t>o, Pr) solves the martingale problem MP(ii,to,(At)t>t ,C^.(M. 3 )) if 
C(V to ) = /i and i//or a// (f> G C,J(R 3 ) 7 (Mf ) t > fo is a (O, J 7 , {F^tyta ^i) -martingale, where M{ := 
^V t )-^A s (p{V s )d s . 

(ii) For t > 0, fi G 7>(R 3 ) and fc > 1, the martingale problem MP(fj,,t Q , (A k ) t > to , C^(R 3 )) is 
defined similarly. 

The following remark is classical, see e.g. Tanaka [33, Section 4]. 

Remark 9.6. (i) A process (Vt)t>t on some probability space (J7, J 7 , (J-" t )t>o,Pr) is solution to 
MP(n, to, (A t )t>t > C\ (R 3 )) if and only if C(Vt ) = /J, and if there exists, on a possibly enlarged 
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probability space, a (Ftjtxj-Poisson measure N(ds, dv, d9, dip, du) on [0, oo)xR 3 x (0, 7r/2]x [0, 2ir)x 
[0, oo) with intensity dsf s (dv)b(9)d9dipdu such that for all t > to, 

/•t /• r^/l /"2tt />oo 

(9.3) V t = V t0 + / a(V s -,v,6,cp)l {u < {Vs __ vn N(ds,dv,d6,dcp,du). 

Jt J~R 3 Jo JO JO 

(ii) Similarly, a process (V t k )t>t solves MP(n,to,(A k ) t >t ,C^,(M. 3 )) if and only if C(Vt ) = fJ. 
and if it solves 

ft /• /"7r/2 r27T /"OO 

(9.4) V k = V ta + / / / / a(H k (V s k _),v,e,cp)l {u < lHk(vk) _ vln N(ds,dv,dd,dcp,du). 

Jt JR 3 Jo Jo Jo 

We start with the following statement. 

Remark 9.7. For any t Q > 0, any /i £ T^^ 3 ) an d any k > 1, there exists a unique (in law) 
solution (V t k ) t > ta to MP(/i,t , (A k ) f > to ,C^(R 3 )). 

This can be proved exactly as in [TSJ Proof of Proposition 3.4, Steps 1 to 7]. We have checked all 
the details and omit the proof. Let us only mention that we have to use the following estimates: (i) 
J m3 fs(dv,)(\H k (v)-v^ + \H k (v)~v^ +1 )<C k , (n) J R3 f s (dv*)\H k (v)-v^\\H k (v)-H k (v)\ < 
C k \v - v\, (hi) J R3 fs{dv*)\H k (v) - v*\\\H k (v) - u*| 7 - \H k (v) - u*| 7 | < C k \v - v\. Points (i) and 
(ii) are easily checked and use only that H k £ Lip fc (M 3 ) and that J R3 f s (dv*)(l + |v*| 7 + |v*| 7+1 ) < 
Jr3 fs(dv r )(3 + \v„\ 2 ) < C by (jl.31) . Point (hi) uses additionally 



To make tend k to infinity, we will need the following uniform (in k) moment estimates. 

Lemma 9.8. Consider the solution (V k )t>t to MP(/j,,to, (A k ) t >t , C\ (M 3 )), for some to > and 
some /i £ V2 (M 3 ). For any T > to, we have 

(i) S up [to . T] E{\V k \ 2 }<C to , T ^, 
(it) E[sup [t0]T] \V k \] < C t0>T>M . 

Proof. We start with (i). Using (|9.4|) . the Ito formula for jump processes (see e.g. Jacod-Shiryaev 
[271 Theorem 4.57 p 56]), taking expectations and integrating in u, we get, for t > to, 

E[|y t fe | 2 ]=E[|^| 2 ]+E[/ f / f' 2 r ' (\a(H k (V 3 k ),v,9,<p)\ 2 + 2(V k ,a(H k (V k ),v,9^))) 
L Jt Jr 3 Jo Jo 

\H k (V k ) - vpb(9)dipd9f s (dv)ds 
After some explicit computation using fl3.1[) and (|3.4[) , this yields 

m\V t k \ 2 } = [ \vfn(dx)+¥,\ f f r\\H k (V s k )-v\ 2 -2(V 8 k ,H k (V s k )-v)) 
Jm 3 l Jt J& 3 Jo 

Tt\H k (V k ) - w| 7 (l - cos 9)b{9)d9f s {dv)ds 

Observe that (1 - cos 9)b{6) is integrable due to (Ay,,,). Next, we have (V k ,H k {V k )) > \H k (V k )\ 2 
and \H k {V k )\ < \V k \, from which we deduce \H k {V k ) - v\ 2 - 2 (V k , H k {V k ) - v) < \v\ 2 + 
2(V k -H k (V k ),v) < \v\ 2 + 2\V k \\v\. We also have \H k {V k ) - w| 7 < C(l + \H k {V k )\ + |v|) < 
C(l + |y s fc | + |«|). We hnally hnd that (\H k (V k ) ~ v\ 2 - 2 (V k ,H k (V k ) - v))\H k {V k ) - w| 7 < 
C(\v\ 2 + \V k \\v\)(l + \V k \ + \v\) < C(l + M 3 )(l + \V k \ 2 ). Thus 



E[\V k \ 2 ]<C^ + CE / / (l + \v\' i )(l + \V k \ 2 )f s (dv)ds 
h Jr 3 



<C, + C t0 / E[l + \V 8 r]ds, 

Jt a 
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2.". 



We used that, since to > 0, sup t>t o rn^{f s ) < oo by (|1.6|) . The Gronwall Lemma thus implies 
sup [toT] E[|T/ t fc | 2 ] < C to ,T,n as desired. 

Point (ii) easily follows, since 



E 



sup \V k \ 

[*o,T] 



<n\v t 



E 



7r/2 fl-K 



\a(H k (V s k ),v,e,cp)\\H k (V s k )-v\i 



b(9)d(pd8f s (dv)ds 



so that using (|3.4[) and that 9b(8) is integrable by (A 7 ^), 

t-T 



E 



sup \V* 

[*o,T] 



< 



M/i(dv)+CE 



<C U + C 



to 



to 

EflV^ 12 " 



^fe(K fe )-«r +1 / s (^)ds 



by (i) and flO 



D 



We deduce the well-posedness of MP(fi, to, (A 



t)t>t ,C c 



when tn > 0. 



Lemma 9.9. Let to > and /i £ ^(R 3 ) be fixed. There exists a unique (in law) solution (Vt)t>t 
toMP(fx,t ,(A t ) t > t0 ,Cl(R 3 )). 

Proof. We only sketch the proof, since it is tedious but rather standard. 



Uniqueness. Consider (V t )t>to solving MP(^,t , (A t ) t > to , C\ (R 3 ))- Introduce, for k > 1, r fc = 
inf{i > t Q : \V t \ > k} (with the convention that r k — t if this set is empty). Since (V t )t>t a is cadlag 
by assumption, it is locally bounded, whence r k — > oo a.s. as k — > oo. For k > 1, observe that V 
solves MP(^,t , (At) t >t ,Cc(R 3 )) until r k (because v — H k {v) if \v\ < k and because \V t \ < k for 
all t £ [t ,Tk)). By uniqueness for MP(fi,t , (A h ) t >t , C*(R 3 )), we deduce that for any T > 0, any 
k > 1, the law of (Vt) t6 r t0i Tl knowing r^ > T is entirely determined. Using that rfe — » oo a.s. as 
k — > oo, we easily conclude. 

Existence. One way to prove such an existence result is to use a tightness argument as in Lemma 
19.41 above. Another way is the following. Consider T > to arbitrarily large. Roughly, if k is very 
large, then a solution (V t k ) t >t to AfP(/x, to, (A k ) t >t , C\ (R 3 )) will not reach k before T with a 
high probability (due to Lemma l9~Bl -fii)). so that it actually also solves MP(n, to, (A t ) t >t , C,J(R 3 )) 
during [to,T] (because as previously, v — Hk{v) for \v\ < k). 



□ 



The last preliminary will be useful to show that the law of Vt is indeed ft ■ 

Lemma 9.10. Let to > and /i £ V(M. 3 ) be fixed. There exists at most one family (pt)t>o C V 
such that for all 4> € C\ (K 3 ), all t >t , 



4>(v)nt{dv) 



<j)(v)n(dv) 



t JR 3 



A s (j)(v)ii s (dv)ds. 



Proof. This will follow from Horowitz-Karandikar [25j Theorem Bl] if we check the following points. 

(a) C\ (R 3 ) is dense in Co(R 3 ) for the uniform convergence topology. 

(b) (t, v) !->• A t (j)(v) is measurable for all (f> £ C\ (R 3 ). 

(c) For each t > 0, A t satisfies the maximum principle. 
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(d) There exists a countable subset {4>k] C C,J(K 3 ) such that for all t > to, the closure of 
{(<f>k,A t </) k ) : k > 1} C C*(R 3 ) for the bounded-pointwise convergence is {((/>, A t <j>) : <f> G C£(R 3 )}. 

(e) For all u G K 3 , MP(S Vo ,t , (A t ) t >t ,C^(R 3 )) is well-posed. 

First, (a) and (b) are clear and (e) follows from Lemma T9.9I Next, (c) is obvious from (|9.2|) : if 
4> attains its maximum at some vq G R 3 , A t (j)(vo) < 0. The only delicate point is (d). Consider 
a countable family {(f>k}k>i C C*(R 3 ) dense in C^(M 3 ) in the following sense: for all cf> G C^(R 3 ) 
such that Supp <j) C 13(0, R), there is a subsequence 4>k n such that Supp <j>k n C B(0, i? + 1) 
and \\cj) - 0fc„||L~( K 3) + ||V(0 - ^fc n )||ioo( R 3) -> 0. We have to prove that (<j) kn , A t 4>k n ) goes 
to (<j>,At4>) bounded-pointwise. We obviously have that 4>h n -^ <f> bounded-pointwise. An imme- 
diate computation using (|3.4I) . [A 1:V ) and (jl.31) shows that for all i> G R 3 , \A t (f>k n (v) — A t <f)(v)\ < 
C||V(0-0 fc J|| L =. (R 3 ) / R3 e| W -^r+ 1 6(0)^/ t (dz;O<q|V(0-0 fe J|| L o O(R 3 ) (l + H 2 )^O. It only 
remains to prove that sup„ eR 3 sup n>1 |-At0fc n (i;)| < oo. 

To this end, it suffices to check that for (p G C*(R 3 ) with ||0| |z,=°(M3) + ||V<^||£°o( R 3) < K and 
Supp cj) C B(0,R), we have ||A t 0||L°°(R3) < C k ,r- 

First consider v G R 3 such that \v\ < 5R. Then using (|3.4p . [A 1:U ) and (|1.3[) . we obtain 
|A t ^(«)| < KJ R3 9\v - vJ~> +1 b(9)d9f t (dv*) < CK{1 + |v|t +1 ) < CK{\ + iF +1 ). 

Next, consider v G R 3 such that \v\ > 5R. Then we have <f>(v) = 0, so that \(f>(v + a(v, v*, 9, ip)) — 
cj)(v)\ < K\a(v,v*,9,(p)\l{\ v+a ( VtV ^ 6ttf ,)\ <R y. But \v + a(v,v*,8,cp)\ < R implies \a(v,v*,9,tp)\ > 
\v\ — R > 4|u|/5, whence (recall (I3.4[l ) \/l — cos9\v — v*\ > 4v2|v|/5, from which (recall that 
9 G (0,7r/2]) \v\ + \v*\ > 4y/2\v\/5 and finally \v*\ > (4^2/5- l)|v| > |v|/10. We thus get 
\c/)(v + a(v,v*,9,tp)) - <p(v)\ < KlaiVfV^Ofipjllftv^vyw} < K9\v - u*|l{|^|>|t,|/io} by fl33]), 
whence 

p p7T/2 /*27r 

\A t <l>(y)\<K / / 9\v-vJ 1+ ~<l {M>lvl/lo} b(0)d0d<pft(dv*). 
Jr 3 Jo Ja 

Using (Aj^) and then ()1.3|) . we deduce that 

\A t 4>{v)\ <K [ \v- «»| 1+7 l { |,,|>|,|/io}/ t (^*) < K I (H|«*|) 7+1 /t(*'*) < <?#• 

Jm 3 Js. 3 

We finally have checked that for any v G R 3 , \A t <f>(v)\ < CK{1 + R?+ l ). D 

We finally may give the 
Proof of Provosition 1 5. IV (i). We divide the proof into two steps. 

Step 1. For to > 0, let (V t ) t >t be the unique (in law) solution to MP(f to ,t , {A t ) t > to , C^R 3 )). 
The aim of this step is to prove that C(V t ) = ft for all t > t . To this end, put \i t = C(V t ). 
For any <f> G C^R 3 ) and any t > to, we know that 4>(Vt) — L A s <fi(V s )ds is a martingale, whence 
n<f>(Vt) - II A s ct>(V s )ds) = E{4>(V t0 )}, which yields 

<j)(v)nt{dv) = / 4>(v) ft (dv) + / / A s <f>(v)fj, s (dv)ds. 
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But (ft)t>o is a weak solution to (jl.lj) . whence, for cf> £ C^ (R 3 ) C Lip b (R 3 ) and t > to, 
cj>{v)f t {dv) = f cp{v)f t0 {dv)+ f f f L B( f>(v,v*)f s (dv*)f s (dv)ds 

JM 3 J t JR 3 JR 3 

I 



<Kv)f t0 (dv)+ / / A s cf>{v)f s {dv)ds. 

J to JR 3 

Lemma 19.101 implies that \Xt = ft for all t>to. 

Step 2. We deduce from Step 1 that if (V t to )t>t solves MP(f to ,t , (A t ) t > to ,C^{R 3 )), then for 
any t x > t , (V t to ) t > tl solves MP(f tl , t x , (A t ) t > tl , C^(R 3 )). This compatibility property (recall 
that uniqueness holds for MP(f to ,t , (A t ) t > to , C\ (R 3 )) for any i > by Lemma |9"1?]) implies, by 
the Kolmogorov Theorem, that there exists a process (Vt)t>o such that for all to > 0, (Vt)t>* 
solves MP(f to ,to,(At)t>to,C^{M. 3 )). In particular, we have C(V t ) = ft for all t > by Step 1. 
Since now f tg tends weakly to /o as to ~^ (use e.g. Lemma (|3.3p ). we easily deduce that (V t )t>o 
solves MP(f , 0, (A t ) t >o, C^R 3 )). Due to Remark|M(i), this ends the proof. D 
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